Considering stochastic behavior of interest rates in financial market, we construct a new class of interest models based on compound Poisson process. Different from the references, this paper describes the randomness of interest rates by modeling the force of interest with Poisson random jumps directly. To solve the problem in calculation of accumulated interest force function, one important integral technique is employed. And a conception called the critical value is introduced to investigate the validity condition of this new model. We also discuss actuarial present values of several life annuities under this new interest model. Simulations are done to illustrate the theoretical results and the effect of parameters in interest model on actuarial present values is also analyzed.
Introduction
In traditional study of life insurance, interest rate is assumed to be deterministic. However, durations of policies are typically very long (often 20 or even more years) in life insurance and life annuity. So the uncertainty of future interest rate influences the accuracy of its actuarial values deeply. In addition, stochastic models have been widely used in finance and insurance (such as [1] [2] [3] [4] ). Hence, it is necessary and natural to consider stochastic interest models in life contingencies.
So far, many models have been investigated in order to describe the randomness of interest in actuarial literature. Reference [5] first treated the force of interest as a random variable in his actuarial research. In [6] , autoregressive models of order one are introduced to model interest rate. References [7, 8] computed moments of insurance and annuity functions using similar models. Reference [9] modeled the force of interest as an ARIMA( , , ) process and utilized this model to analyze the moments of present value functions. Reference [10] used a Markov process to model the series of interest rates in the research of ruin probability. The above literatures enriched the application of stochastic interest models in actuarial science, but they assume that the interest rate in one year is fixed, which does not always agree with the practice of financial market.
To capture the randomness of interest rates in actuarial science better, the method of stochastic perturbation was proposed. In this method, the interest force at time is expressed as
where is an interest force unrelated to the time and ( ) denotes a stochastic process resulting in perturbation of fixed interest force . Hence, the accumulated interest force function is 0 = ∫ 0 = ⋅ + ∫ 0 ( ) = ⋅ + ( ) . (2) There are two modeling ways about perturbation methods in actuarial literatures. The first one considers ( ) as a stochastic process, like Wiener process, Ornstein-Uhlenbeck process, Poisson process, and so on. References [11, 12] constructed stochastic interest rate models regarding ( ) 2 Mathematical Problems in Engineering as Ornstein-Uhlenbeck process and Wiener process, respectively, and investigated the mean and the standard deviation of continuous-time life annuities. Reference [13] studied the mean and the variance of the present value of discrete-time streams in life insurance under these models. Reference [14] also discussed the distribution of life annuities with stochastic interest models driven by Wiener process and OrnsteinUhlenbeck process, respectively. Considering the jumps in interest process, [15, 16] expressed the accumulated force of interest by Wiener process and Poisson process and further studied the optimal dividend strategy in ruin theory and pricing perpetual options, respectively.
In the second way, the researchers first describe the perturbation of interest force ( ) as a special stochastic process and then find the accumulated interest force function by stochastic integration. References [17, 18] discussed the first three moments of homogeneous portfolios of life insurance and endowment policies by modeling the force of interest directly based on the Wiener process or the OrnsteinUhlenbeck process and [19] also generalized these results to heterogeneous portfolios. The stochastic upper and lower bounds on the present value of a sequence of cash flows are discussed in [20] . Reference [21] also introduced a class of stochastic interest model in which the force of interest is driven by second order stochastic differential equation. Reference [22] compared these two approaches to the randomness of interest rates by modeling the accumulated force of interest rate and by modeling the force of interest.
Both of these two modeling ways have attracted much attention from researchers. The first way brings convenience to calculation, but the behavior of the force of interest can not be expressed distinctly. In the second way, so far only a few special and simple processes have been considered because of great difficulty to the related stochastic calculations, especially under the case with random jumps. However, the market interest rate often jumps discontinuously and randomly (such as the Federal reserve rate and the China's central bank benchmark interest rate). Here we introduce a new class of stochastic interest model in which the force of interest is expressed by compound Poisson process directly. This model might characterize the stochastic jumping of market interest rate more honestly and directly. This paper is organized as follows. In Section 2, we give stochastic interest model based on compound Poisson process and further obtain mathematical expectation of present value of the payment paid at a future time point. In Section 3, its properties and applicability are investigated. In Section 4, we discuss actuarial present values of life annuities in discrete and continuous cases. Simulation results show the influences of the parameters on actuarial present values of annuities. In Section 5, we conclude this paper and put forward some interesting problems in the following sequel researches.
Stochastic Interest Model under Compound Poisson Process
In this section, we construct a new class of stochastic interest models. As a premise, the following assumptions are given:
(1) the adjustment interarrival times of interest rate are random;
(2) the adjustment direction (rise or fall) of interest rate in every stage is independent of each other; (3) the adjustment range of interest rate in every stage is identical.
As we know, these assumptions coincide with plenty of practical finance markets. All random variables and stochastic processes under consideration are defined on an appropriate probability space (Ω, , F) and are integrable.
Compound Poisson Process.
Compound Poisson process has been widely used in the field of finance and actuarial science, especially in classical ruin probability model. It is described as follows:
where { ( ), ≥ 0} is a Poisson process with rate > 0 which will indicate the adjustment number of the market interest rate on time interval are independent. Suppose that { 1 , 2 , . . . , , . . .} are the interoccurrence times between adjacent adjustments of interest rate; then they are independent and obey exponential distribution with the same parameter > 0.
For Poisson process { ( ), ≥ 0}, we first introduce the following important property (see [23] 
From Lemma 1, we usually say that, under condition ( ) = , the times 1 , 2 , . . . , at which events occur, considered as unordered random variables, are distributed independently and uniformly on the interval [0, ]. The process { , ≥ 0} is a special continuous-time Markov process, the birth and death process. The initial status of this process is 0 , and the corresponding birth rate and death rate are , + = and , − = (1− ), respectively. Substituting formula (5) into (2), we can find corresponding expression of accumulated interest force function. Since the direct integration is extremely difficult, we use another integration technique, changing the integral direction similar to the idea of Stietjes integral. The integration procedure can be understood from Figure 1 . Suppose that there are three adjustments of interest rate on the interval [0, ] and the adjustment times are 1 , 2 , and 3 , respectively. Then the integral ∫ 0 can be expressed as
Stochastic Interest Model under Compound Poisson Process. Suppose that the force of interest { , ≥ 0} is expressed by
( − ), where , = 1, 2, 3, show adjustment directions of interest rate. So we can obtain
where denotes the time of the th adjustment of the force of the interest rate. From formula (6) , the random present value of one unit payment at time can be expressed as
and its mathematical expectation is
It can be found from the law of total expectation that
From Lemma 1, we can obtain that
where random variables, 1 , 2 , . . . , , are distributed independently and uniformly on the interval [0, ], and
Based on formula (10), we can find that is nonincreasing with respect to if is fixed and satisfies the following properties.
(1) If = 0, the market interest will always decrease at the adjusting times of interest rate. Because − 1 > , we can find that = (1/ )( − 1) > 1. In this condition, it may happen that the interest rate will be negative if the number of adjusting interest rate times on the interval [0, ] is large enough.
(2) If = 1, the market interest will always increase at the adjusting times of interest rate. Since 1 − − < , we have = (1/ )(1 − − ) < 1. In this condition, the larger the number of adjusting interest rate times on the interval [0, ] is, the smaller the present value of the currency is.
(3) If
we find that = 1 which means that mathematical expectation of the present value of one unit currency at time will be exp(− 0 ). That is, from the point of view of the mathematical expectation, the randomness of the market interest rate will not have an effect on this present value. Hence * is called the equilibrium probability at time here. At the same time, the following theorem can be obtained.
Theorem 2.
The equilibrium probability * in formula (12) satisfies the following properties:
* is an increasing function with respect to ;
(2) 0.5 < * < 1;
(3) lim →+∞ * = 1 and lim →0 * = 0.5.
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Proof. Let = and ( ) = ( − − 1)/( − 1) 2 ; then * = ( ).
Since ( ) = ( ( − −1)+( −1))/2( −1) > 0, we can show that ( ) is a strictly increasing function on + which illustrates that * is an increasing function with respect to .
Further, it is easy to prove that lim →+∞ ( ) = 1 and lim →0 + ( ) = 0.5. The proof is completed.
The following theorem shows the expression of the mathematical expectation of the random present value of one unit currency at time given in formula (8). (5) , the mathematical expectation of the random present value of one unit currency at time can be expressed as
Theorem 3. Under stochastic interest model
Proof. Based on the properties of the condition expectation, it can be obtained by substituting (10) into (9) that
Validity of Stochastic Interest Model
Under stochastic interest model (5), we can find that the expected present value of one unit currency at time will be larger than that under fixed force of interest 0 when = 0.5, and the larger the adjustment frequency intensity of the interest rate, , is, the larger the difference between the two above-mentioned values is. That is, when the market interest rate is adjusted frequently, the future interest rate will tend to be underestimated if stochastic interest rate model in formula (5) is considered. This phenomenon often appears in modeling the stochastic interest rate based on a Wiener processes too, such as [11, 12, 17] .
If we use * = 0 − ( − 1) as the equivalent force of interest of the stochastic interest model, formula (13) can be expressed equivalently as (exp(− 0 )) = exp(− * ).
Validity Condition of Interest Model.
In this stochastic model, if < * , then > 1; (exp(− 0 )) will be larger than 1 when is large enough, and this is not consistent with the actual situation in most cases. In this section, we will discuss how to restrict the value of the future time in this stochastic interest model. Let
then
Since (0) = 0 > 0 and lim →+∞ ( ) < 0, there is at least one critical value * which satisfies ( * ) = 0. Now, we will try to find the value of * .
Let us solve the equation
which can be rearranged to
Now we investigate the quadratic function
Obviously, (0) = > 0, (1) = − 0 < 0, and (+∞) → +∞; then two real roots of (19) lie in the interval (0, 1) and the interval (1, +∞), respectively. Because > 0 when the condition > 0, we can only consider the root in the interval
and then the critical value of the interest rate model is * = 1 ln (
Numerical Simulation Analysis.
Based on the above analysis, when < * , the expected present value ( − 0 ) is decreasing with respect to investment term . That is, only when < * can the stochastic interest model be used in practice. Figures 2 and 3 show the variation tendency of the critical value with the change of from 0.4 to 0.7 under 0 = 0.04 and 0.05, respectively, and the curves from top to bottom are based on = 1, 1.5, 2, 2.5, and 3. In Table 1 , the critical values * under different 0 , , and are given. From Figures 2 and 3 or Table 1 , the critical value becomes larger and larger with or 0 increasing. On the contrary, the critical value will decrease if increases. Hence, while using this stochastic interest model, we should consider the values of every parameter and verify whether the term of investment is less than the corresponding critical value.
Fortunately, from the actual conditions of adjustments of interest rate in financial markets and ordinary life insurance periods, we find that the critical value * can satisfy the application condition of this interest rate model in general case. 
Life Annuities under Stochastic Interest Model
Following the notations in [24] , the symbol ( ) is used to denote a life-age-. The future lifetime and the curtate-futurelifetime of are denoted by ( ) and ( ), respectively.
Actuarial Present Values for Discrete Life Annuities.
There are two classes of the discrete life annuities: the discrete life annuities-due and the discrete life annuities-immediate. First of all, we consider the former. In the nomenclature, an annuity is called a whole life annuity-due if the annuity pays a unit amount at the beginning of each year that the annuitant ( ) survives, and the actuarial present value of the annuity can be expressed as where ( ( ) = ) = | = ⋅ + in actuarial theory and according to interest theory, we havë
Combining formula (22) with formula (23), we obtain the following formula under stochastic interest model introduced here:̈= For -year temporary life annuity-due of 1 per year, the actuarial present value under this stochastic interest rate model can be expressed as
.
The procedures used above for annuities-due can be adapted for annuities-immediate where payments are made at the ends of the payment periods. Such that, for a whole life annuity-immediate, the actuarial present value can be given as
and the actuarial present value of -year temporary life annuity for the annuitant ( ) is
Actuarial Present Value for Continuous Life Annuities.
In order to analyze the actuarial present value of this class of annuities, we first consider the whole life annuity payable continuously at the rate of 1 per year. For an annuitant ( ), the actuarial present value of this life annuity is denoted by . From [24] , we can obtain the following formula:
Using Fubini's theorem, from formulas (28), we have
Substituting formula (13) into formula (29), we have
and then the actuarial present value of an -year temporary continuous life annuity for the annuitant ( ) is Uniform Distribution assumption-the classical fractional age assumption-is used in the calculation of the actuarial present values of the continuous life annuity.
From Tables 2 and 3 , we can find that the actuarial present values become smaller and smaller as the probability that the interest rate rises at the change time point, , increases continuously when other parameters are fixed and this result is obvious because the probability of the future force of interest rising will become larger and larger with increasing. Furthermore, all the values when = 0.5 are larger than those under the nonrandom condition (i.e., ≡ 0 for ≥ 0), which verifies Theorem 2 from the quantitative aspect. At the same time, under the condition that 0 , , and are fixed, the actuarial present value becomes larger and larger with increasing , and this result illustrates that the present value will increase if the interest rate changes frequently. If other conditions are fixed, the actuarial present value also becomes larger and larger with increasing which means that the present value will increase if the range of every interest rate change is larger. At last, we can find that the actuarial present value will become larger with decreasing 0 which verifies that the present value of the money at future time will decrease in general if the initial interest rate increases in practice.
Conclusion
In this paper, we introduce a new stochastic interest model in which the force of interest is driven by compound Poisson process directly. Different from the references, the modeling method makes the interest model more reasonable and the random jumping behavior of interest rate is described directly. We investigate the validity conditions of this model and introduce a conception called the critical value of the interest rate model. Based on this model, several common life annuities are studied and the numerical results under different parameters are compared adequately. This paper proposes a new research perspective of modeling stochastic interest. Following this idea, there are several meaningful issues which deserve to study further. (1) Some continuous stochastic processes can be blended into modeling stochastic interest rate on the basis of the model in this paper. (2) This model can be generalized by using some random variables for the change ranges of the force of interest and for the frequency parameter of the Poisson process in this model. (3) Both the empirical study and the statistical analysis about this stochastic interest rate should be made. We will explore these issues in our future researches.
Conflicts of Interest
The authors declare that they have no conflicts of interest.
